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The magneto-hydrodynamic (MHD) boundary layer flow of a
visco-elastic fluid over a stretching surface finds its importance
in the processing industries namely petroleum engineering,
chemical engineering. These types of flow are applicable in
polymer extrusion, manufacturing of rubber sheets, drawing
of plastic films, etc. Cortell [1,2] studied heat transfer in an
incompressible second-grade fluid past a stretching sheet.
There are several studies on flows of fluids obeying second-grade [3–6] and Walters’ liquid B [14] model, respectively.
Hsiao studied the heat and mass transfer of an electrically
magnetic conducting fluid of second-grade on a stretching
sheet [7,8] and past a porous wedge [9]. Abel and Mahesha
[10] investigated MHD boundary layer flow and heat transfer
in a viscoelastic fluid over a stretching sheet with variable ther-
mal conductivity in the presence of radiation and non-uniform
heat source. Mahapatra et al. [11] investigated steady, two-
dimensional magnetohydrodynamic stagnation-point flow of
a viscoelastic fluid (obeying Walters’ liquid B model) toward
a stretching surface. Alharbi et al. [12] analyzed the study of
convective heat and mass transfer characteristics of an incom-
pressible visco-elastic fluid flow immersed in a porous medium
over a stretching sheet with chemical reaction and thermal
stratification effects. Mahapatra et al. [13] studied steady,
two-dimensional oblique stagnation-point flow of a viscoelas-
tic fluid toward a stretching surface. Recently, Cortell [14]
found an analytical solution of MHD flow for two classes of
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ity. Surprisingly, he has not pointed out the existence of dual
solution in his paper.
All the above works are dealt with stretching sheet prob-
lem. Very few works are there which deals with shrinking
sheet problem. Recently, the boundary layer flow due to a
shrinking sheet has attracted considerable interest. The
shrinking sheet situation occurs, for example, on a rising
shrinking balloon. One of the common applications of shrink-
ing sheet problems in engineering and industries is shrinking
film. In packaging of bulk products, shrinking film is very
useful as it can be unwrapped easily with adequate heat.
For the shrinking sheet flow, the fluid is attracted toward a
slot and the flow is quite different from the stretching case.
From a physical point of view, vorticity generated at the
shrinking sheet is not confined within a boundary layer and
a steady flow is not possible unless adequate suction is
applied at the sheet. For a backward flow configuration,
which occurs in shrinking flow case, the fluid losses memory
of the perturbation introduced by the slot. As a result, the
flow induced by the shrinking sheet shows quite distinct phys-
ical phenomena from the forward stretching case. Miklavcˇicˇ
and Wang [15] first investigated the flow over a shrinking
sheet in the presence of uniform suction. The behavior of
stagnation-point flow toward a shrinking sheet under differ-
ent physical aspects was discussed by many authors such as
Fang [16], Fang et al. [17], Ishak et al. [18] and Fan et al.
[19]. The MHD flow over a shrinking sheet was studied by
Sajid and Hayat [20] and Fang and Zhang [21]. The
stagnation-point flow toward a shrinking sheet was analyzed
by Wang [22] and the effect of magnetic field on the flow was
investigated by Mahapatra et al. [23]. Khan et al. [24] studied
a mathematical model for the unsteady stagnation point flow
of a linear viscoelastic fluid bounded below by a stretching/
shrinking sheet. They extended the analysis of Wang [22]
from a viscous to a linear viscoelastic fluid model and ana-
lyzed such a flow situation in detail.
In view of these, the problem studied here extends the
recent study [14] to the case of MHD flow of two classes
of visco-elastic fluid over a shrinking sheet. The shrinking
velocity is assumed to be nonlinear (quadratic). It is found
that the stated problem permits a complete analytical solu-
tion. Availability of such exact solution to a highly nonlin-
ear boundary value problem is a rare case in fluid
dynamics. Possibility of existence of multiple solutions is
also explored.2. Flow analysis
Consider a steady two dimensional flow of two incompressible,
electrically conducting visco-elastic fluids, second grade fluid
and the fluid obeying Walter’s liquid B model over a nonlin-
early shrinking porus sheet. A transverse uniform magnetic
field B0 is applied in positive y direction. Note that here x axis
runs along the shrinking sheet in the direction opposite to the
sheet motion and y axis is perpendicular to it. The magnetic
Reynolds number is considered to be small so that the induced
magnetic field is negligible in comparison with the applied
magnetic field. Electric field duo to polarization of charges is
also assumed to be negligible. The equations governing steady
boundary layer flow are@u
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Here u and v are the components of velocity along the x and
y-directions respectively, m is the kinematic viscosity, r is the
electrical conductivity (assumed constant), q is the fluid
density, B0 is the uniform magnetic field along the y-axis and
a1ð> 0Þ is the dimensional viscoelastic parameter.
The boundary conditions are
u ¼ uwðxÞ ¼ ax cx2; v ¼ vwðxÞ at y ¼ 0;
u! 0 as y!1: ð3Þ
Here uwðxÞ; vwðxÞ are shrinking and transpiration velocities
and a; c are positive constants having dimensions ðtimeÞ1
and ðlengthÞ1  ðtimeÞ1, respectively.
The similarity variable (g) is defined as
g ¼
ﬃﬃﬃ
a
m
r
y: ð4Þ
Introducing dimensionless variables fðgÞ and gðgÞ in the u-
velocity component as
u ¼ axf 0ðgÞ  cx2g0ðgÞ; ð5Þ
using Eq. (1) we get
v ¼ ﬃﬃﬃﬃﬃamp fðgÞ þ 2cxﬃﬃ
a
m
p gðgÞ: ð6Þ
Using Eq. (5) and (6) we get from Eq. (2)
a2xðf 000  ff 00 þ f 02 Nf 0  kð2f 0f 000  f 002  ff ivÞÞ
þ cax2ðg000  fg00 þ 3f 0g0  2gf 00 Ng0  kð3f 0g000 þ 3g0f 000
 3f 00g00  fgiv  2gf ivÞÞ þ 2c2x3ðg02  gg00 þ kðg002
þ ggiv  2g0g000ÞÞ ¼ 0: ð7Þ
Here kð¼ a1a=qmÞ is the visco-elastic parameter and
Nð¼ rB20=aqÞ is the magnetic parameter. Since this is an iden-
tity, we obtain three following ordinary differential equations
f 000  ff 00 þ f 02 Nf 0  kð2f 0f 000  f 002  ff ivÞ ¼ 0; ð8Þ
g000  fg00 þ 3f 0g0  2gf 00 Ng0  kð3f 0g000 þ 3g0f 000
 3f 00g00  fgiv  2gf ivÞ ¼ 0; ð9Þ
g02  gg00 þ kðg002 þ ggiv  2g0g000Þ ¼ 0; ð10Þ
where a prime denotes differentiation with respect to the
independent similarity variable g. The transformed boundary
conditions, obtained from Eq. (3) using Eqs. (5) and (6)
are
f ¼ fw; f 0 ¼ 1 at g ¼ 0; ð11Þ
g ¼ b; g0 ¼ 1 at g ¼ 0; ð12Þ
f 0 ! 0; g0 ! 0 as g !1; ð13Þ
where fw is the suction/blowing parameter. An exact solution
that satisfies the Eq. (8) and the boundary conditions
fð0Þ ¼ fw; f 0ð0Þ ¼ 1 and f 0ð1Þ ¼ 0 is
fðgÞ ¼ fw þ
1 expðagÞ
a
: ð14Þ
Substituting Eq. (14) into Eq. (8) we get the following third
order algebraic equation
Analytical Solution of MHD Flow over a Shrinking Sheet 165kfwa
3 þ ðk 1Þa2  fwaþN 1 ¼ 0; ð15Þ
for the existence of the physical flow we must have a > 0. It
can be noted here that there may exist more than one að> 0Þ
satisfying Eq. (15). Each such að> 0Þ gives rise to a solution
for fðgÞ. In this way there may exist more than one solution
for fðgÞ depending on the parameters k; fw, and N. It can also
be noted here that k ¼ 0, >0 and <0 represent viscous fluid,
second-grade fluid and the fluid obeying Walters’ liquid B
model, respectively.
It can be verified that gðgÞ ¼ AexpðagÞ, satisfies Eq. (10)
for any value of the constant A. Now g0ð0Þ ¼ 0 gives
A ¼ 1=a. Therefore the exact solution of Eq. (10) is
gðgÞ ¼  expðagÞ
a
; ð16Þ
which also satisfies gð0Þ ¼ b and g0ð1Þ ¼ 0 if and only if
b ¼ 1=a, where að> 0Þ is obtained from Eq. (15). Now if
we substitute the values of fðgÞ and gðgÞ into Eq. (9) we get
the same algebraic equation as Eq. (15). Now the velocity com-
ponents uðx; yÞ and vðx; yÞ over a nonlinearly shrinking sheet,
obtained as
uðx; gÞ ¼ ðaxþ cx2ÞexpðagÞ;
vðx; gÞ ¼ ﬃﬃﬃﬃﬃamp fw þ 1 expðagÞa
 
 2cx
a
ﬃﬃ
a
m
p expðagÞ; ð17Þ
which are complete analytical solutions. From Eq. (17), it is
seen that in the boundary layer the velocity component
uðx; gÞ increases with increase in g for fixed values of a; c; x
and a. Now the expression of the transverse velocity compo-
nent at the edge of the boundary layer is
v1 ¼
ﬃﬃﬃﬃﬃ
am
p
fw þ
1
a
 
: ð18Þ
This velocity component v1 directly depends on the flow
parameters fw and a but indirectly depends on k and N because
a depends on fw, k and N.
Now the velocity components at the sheet in the boundary
layer are obtained as
uðx; 0Þ ¼ uwðxÞ ¼ axf 0ð0Þ  cx2g0ð0Þ ¼ ax cx2;
vðx; 0Þ ¼ vwðxÞ ¼
ﬃﬃﬃﬃﬃ
am
p
fw þ
2cxﬃﬃ
a
m
p gð0Þ ¼ ﬃﬃﬃﬃﬃamp fw  2cxa ﬃﬃamp : ð19Þ
Equating vwðxÞ to zero we get from Eq. (19),
xc ¼ afwa
2c
; ð20Þ
a critical distance x from the slit, on the sheet where the tran-
spiration velocity vanishes. Note that we have linear suction at
the sheet for x > xc and the linear blowing for x < xc. Here the
magnitude of the dimensional skin friction coefficient is
@u
@y


g¼0
¼ a
ﬃﬃﬃ
a
m
r
ðaxþ cx2Þ; ð21Þ
and non-dimensional skin friction coefficient is a. That is why
we have studied the effect of different non-dimensional param-
eters on a.3. Results and discussion
The effect of different kind of parameters on MHD boundary
layer flow over a nonlinearly (quadratic) shrinking sheet is dis-
cussed analytically for the two classes of visco-elastic fluids,
namely second-grade fluid and fluid obeying Walters’ liquid
B model. Table 1 shows the effect of the non-dimensional
parameters fw; N and k on the existence of number of values
of skin friction parameter a obtained from the Eq. (15). It
can be seen from the Table 1 that for the case of Walters’ liquid
B, the range of fw, for which three solutions for a exist,
decreases as magnitude of k increases. It can also be observed
that when N ¼ 2; fw  0 and 0 < k  1 there always exist two
positive values of a.
Table 2 shows that when k ¼ 0 (viscous fluid), the value of a
increases as the value of N increases, but it decreases as the
value of fw increases. Thus it can be said that for a fixed value
of g; f 0ðgÞð¼ expðagÞÞ decreases as the value of N increases,
but it increases with increase in fw. It can also be observed that
for a fixed value of g; f 0ðgÞ increases with an increment in k
when fw and N are kept fixed.
Table 3 shows the effect of the non-dimensional parameters
fw; k and N on the skin-friction parameter a obtained from Eq.
(15). It can be concluded from Table 3 that when
N ¼ 1:2; fw ¼ 1:7 the non-dimensional horizontal velocity
ð¼ expðagÞÞ decreases with the increase in the value of k
for the case of second-grade fluid ðk > 0Þ, but opposite trend
is observed as the value of k increases for Walters’ liquid B
ðk < 0Þ and in this later case the dual solution for the fluid
velocity exists and the second solution shows opposite trend
to that of the first solution. It is clear from Table 3 that when
the parameter fw decreases from positive to negative values, the
value of a increases for both the visco-elastic fluids discussed
here. Table 3 also shows the effect of the magnetic parameter
N on the value of a. One can see from Table 3 that the skin
friction parameter a decreases with the increase in N for
second-grade fluid, but for Walters’ liquid B opposite trend
is observed.
We now discuss about the effect of various parameters on
xc, which is the distance from the slit, obtained from Eq.
(20) where the transpiration velocity vanishes. We also discuss
about the horizontal velocity profiles for a second-grade fluid
and for Walters’ liquid B. For all the cases we take
a ¼ 1s1; c ¼ 1 m1 s1 and x ¼ 1 m. Table 4 shows that for
fixed values of Nð¼ 2:0Þ and fwð¼ 5:0Þ, the values of xc for
the first solution increase with the increase in the values of k,
but the opposite trend is observed for the second solution. It
is also seen from the Table 4 that for a given visco-elastic fluid
ðk ¼ 0:5Þ as magnetic parameter (N) increases the numerical
values of xc show the same previous trend. It is observed from
Table 4 that when N ¼ 3 and k ¼ 1 the numerical values of xc
for the first solution decrease with the increase in fw, but oppo-
site trend is observed for the second solution.
Fig. 1 shows the dual solutions for horizontal velocity pro-
file uðx; gÞ with g for several values of the visco-elastic param-
eter k for a particular value of x (¼ 1 here). For a certain
suction/injection parameter fwð¼ 5:0) and a magnetic field
parameter Nð¼ 2:0) in the case of first solution branch,
uðx; gÞ increases with the increase of k. However, for the sec-
ond solution branch, opposite trend is observed. The effect
of magnetic field parameter N on horizontal fluid velocity
Table 1 Effect of the non-dimensional parameters N; k and
fw on the number of positive roots a of Eq. (15).
N k fw Number of positive
roots a
1 ð1; 0Þ 1:0 2
1 0:05 ½2:3478; 0Þ 2
2 0:1 ½0;1Þ 2
2 0:3 ½0;1Þ 2
2 0:5 ½0;1Þ 2
0:9 0:1 ½1:7553;0:6573 3
0:9 0:12 ½1:6342;0:6621 3
0:9 0:2 ½1:3647;0:6811 3
½0; 1Þ 0:0 2:0 2
½0:2302; 1Þ 1:0 2:0 2
½0:6151; 1Þ 1:0 1:0 2
0:5 0:0 ð1;1:4143 2
Table 2 Effect of the non-dimensional parameters N; fw and
k on the skin-friction parameter a.
N k1 fw a
0 1 1 1.32472
0 2 1 0.829484
0 3 1 0.646488
1 0 1 0.0
2 0 1 0.618034
3 0 1 1.0
2 0 1 0.618034
2 0 2 0.414214
2 0 3 0.302776
Table 3 Some values of a for several values of N; k and fw.
N k fw a
2.0 0.1 1.0 1.5561
0.5 1.3091
0.0 1.05409
0.5 0.826599, 18.4825
1.0 0.648635, 9.90746
2.0 0.42605, 6.02257
2.0 0.1 0.5 1.25194, 21.4914
0.0 0.953463
0.5 0.743333
1.2 0.1 1.7 2.96905, 3.61126
0.05 2.05304, 10.41
0.0 1.81047
0.05 1.66709
0.1 1.56693
0 0.1 3.0 5.0923
2 4.90146, 0.307824
4 4.68014, 0.845872
2 0.1 0.298101
3 0.542694
4 0.750909
Table 4 Effect of the non-dimensional parameters N; k and
fw on a and xc for a second grade fluid.
N k fw a xc
2.0 0.3 5.0 0.19686, 1.98007 0.49215, 4.95018
0.7 0.203409, 1.12778 0.508523, 2.81945
1.5 0.221102, 0.64589 0.552755, 1.61473
2.0 0.5 7.0 0.142857, 1.41421 0.5, 4.94973
3.0 0.292079, 1.3261 1.02228, 4.64135
4.0 0.462847, 1.21022 1.61996, 4.23577
3.0 1.0 8.0 0.269594, 0.837565 1.07838, 3.35026
9.0 0.23524, 0.861408 1.05858, 3.87634
10.0 0.209149, 0.87885 1.04575, 4.39425
Figure 1 Variation of uðgÞ with g for several values of k when
fw ¼ 5:0 and N ¼ 2:0.
Figure 2 Variation of uðgÞ with g for several values of N when
fw ¼ 3:0 and k ¼ 0:1 (second grade fluid).
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illustrated in Figs. 2 and 3 for a second grade fluid with
k ¼ 0:1 and for a Walters’ liquid B with k ¼ 0:05, respec-tively. It is observed in Fig. 2 that the first solution branch
of uðx; gÞ increases with the increase in N, but the second solu-
tion branch of uðx; gÞ decreases with the increase in N. This is
due to the fact that for the case shrinking sheet, the magnetic
force will increase the momentum force for the first solution
Figure 3 Variation of uðgÞ with g for several values of N when
fw ¼ 3:0 and k ¼ 0:05 (Walters’ liquid B).
Figure 4 Variation of uðgÞ with g for several values of fw when
N ¼ 2:0 and k ¼ 0:1 (second grade fluid).
Figure 5 Variation of uðgÞ with g for several values of fw when
N ¼ 2:0 and k ¼ 0:05 (Walters’ liquid B).
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Fig. 3 we get only one solution branch of uðx; gÞ which
increases with the increase in N. We can compare this MHD
result with that in the work of Hsiao [9] where he showed that
the dimensionless fluid velocity decreases when magnetic
parameter increases. In the stretching case, application of mag-
netic field causes the momentum to decrease in the boundary
layer, which results in decreasing the fluid velocity. But in
the shrinking case the opposite trend is observed. In Figs. 4
and 5 we show the variation of uðx; gÞ with g due to the several
values of fw for second-grade fluid ðk ¼ 0:1Þ and Walters’ liq-
uid B ðk ¼ 0:05Þ, respectively. In Fig. 4, we get the dual solu-
tion branches which decrease with the increase in fw and in
Fig. 5 we get only one solution branch which decreases with
the increase in fw. For both cases we take N ¼ 2:0.
4. Conclusions
An analytical solution for the fluid velocity in the MHD flow
of two classes of visco-elastic fluids, namely second-grade fluid
ðk > 0Þ and Walters’ liquid B ðk < 0Þ over a permeable nonlin-
early(quadratic) shrinking sheet is obtained. We found the
dual or triple solution for certain cases of the problem. The
effects of the non-dimensional parameters such as magnetic
parameter(N), visco-elastic parameter ðkÞ and suction/injection
parameter ðfwÞ on the skin friction parameter ðaÞ, the critical
distance ðxcÞ and the velocity profile are also studied. The
effect of these parameters on the skin friction parameters
and the velocity profile can be summarized as follows:
 The dual or triple solution of the MHD flow exists for cer-
tain range of non-dimensional parameters (N ; k and f w).
 The range of f w for which triple solution of the problem
exists decreases with the increase in the magnitude of the
parameter k for Walter’s liquid B ðk < 0Þ.
 Velocity profiles strongly depend upon the non-dimensional
parameters N ; k and f w, and tend to zero at infinity
asymptotically.
 For fixed values of f w and N, the first solution of dimen-
sionless velocity increases with the increase in k for a
second-grade fluid, but the second solution shows the oppo-
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